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We analyze the behaviour of geodesic motion of test particles in the spacetime of a specific class
of axially symmetric static vacuum solutions to the Einstein equations, hereafter referred to as
linearized multipole solution (LM). We discuss about its suitability to describe a quasi-spherical
spacetime. The existence of an ISCO (innermost stable circular orbit) very close to the (singu-
lar) horizon of the source, is established. The existence of such stable orbit, inner than the one
of the Schwarzschild metric, as well as the appearance of a splitting in the admissible region of
circular orbits, is shown to be due to the multipole structure of the solution, thereby providing
additional potential observational evidence for distinguishing Schwarzschild black holes from naked
singularities.
PACS numbers: 04.20.Cv, 04.20.Dw, 97.60.Lf, 04.80.Cc
I. INTRODUCTION
As it follows from the Israel theorem [1], the only static
and asymptotically-flat vacuum space-time possessing a
regular horizon is the Schwarzschild solution. For all the
other Weyl exterior solutions [2–6], the physical compo-
nents of the Riemann tensor exhibit singularities at the
infinite red shift surface. Even though we shall restrict
ourselves to the static case, it is worth noting that a
result similar to Israel theorem exists for stationary so-
lutions with respect to the Kerr metric [7–9].
Now, sphericity is a common assumption in the de-
scription of compact objects, where deviations from
spherical symmetry are likely to be incidental rather than
basic features of these systems.
Furthermore, if the field produced by a self–gravitating
system is not particularly intense (the boundary of the
source is much larger than the infinite redshift surface )
and fluctuations off spherical symmetry are slight, then
there is no problem in representing the corresponding de-
viations from spherical symmetry (both inside and out-
side the source) as a suitable perturbation of the spheri-
cally symmetric exact solution [10].
However, as the object becomes more and more com-
pact, such perturbative scheme will eventually fail close
to the source. Indeed, as is well known [11–16], though
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usually overlooked, as the boundary surface of the source
approaches the infinite redshift surface, any finite pertur-
bation of the Schwarzschild spacetime, becomes funda-
mentally different from the corresponding exact solution
representing the quasi–spherical spacetime, even if the
latter is characterized by parameters whose values are
arbitrarily close to those corresponding to Schwarzschild
metric. This in turn is just an expression of the Israel
theorem.
In other words, for strong gravitational fields, there
exists a bifurcation between the perturbed Schwarzschild
metric and all the other Weyl metrics (in the case of
gravitational perturbations), no matter how small are the
multipole moments (higher than monopole) of the source.
Examples of such a bifurcation have been brought out in
the study of the trajectories of test particles in the γ
spacetime [17–24], and in the M-Q spacetime [25, 26], for
orbits close to the infinite redshift surface [27],[28].
Due to the bifurcation mentioned above, a fundamen-
tal question arises: How should we describe the quasi–
spherical space–time resulting from the fluctuations off
Schwarzschild?:
• (a) by means of a perturbed Schwarzschild metric
producing a black hole
or
• (b) by means of an exact solution to Einstein equa-
tions, whose (radiatable) multipole moments are
arbitrarily small, though non–vanishing, and lead-
ing to a naked singularity ?
As we shall see here, the quandary above might be
2solved by comparing the behaviour of circular geodesics
in either case.
Indeed, in spite of some results obtained in the study of
the source of quasi–spherical spacetimes [29], [30], which
favor the scenario (b), we are well aware of the fact that,
presently, most researchers, favor scenario (a). Never-
theless, the doubt remains, and the very different be-
haviour of the system implied by the bifurcation men-
tioned above, opens the way for proposing observational
scenarios allowing for distinguishing between black holes
and naked singularities. In fact this issue has attracted
the attention of many researchers in recent years (see
[31–44] and references therein).
However an important open question arises, related
to the proposed approach, namely: since there are as
many different (physically distinguishable) Weyl solu-
tions as there are different harmonic functions, which
among Weyl solutions is the best entitled to describe
small deviations from spherical symmetry?
In the past different authors have resorted to different
metrics to describe deviations from spherical symmetry;
e.g. the γ metric or the M-Q spacetime in [27–30, 43],
the Young-Coulter solution [45] in [46], the Quevedo-
Mashhoon solution [47] in [48], or the Manko-Novikov
solution [49] in [44].
The rationale behind the choice of the γ-metric is based
on the fact that it corresponds to a solution of the Laplace
equation (in cylindrical coordinates) with a singularity
structure similar to that of the Schwarzschild solution (a
line segment). In this sense the γ-metric appears as a
“natural” generalization of Schwarzschild space-time to
the axisymmetric case.
On the other hand, due to its relativistic multipole
structure, the M–Q solution (more exactly, a sub–class
of this solution M-Q(1) [25]) may be interpreted as a
quadrupole correction to the Schwarzschild space–time,
and therefore represents a good candidate among known
Weyl solutions, to describe small deviations from spher-
ical symmetry.
However it should be obvious that the question above
has not a unique answer (there are an infinite number of
ways of being non–spherical, so to speak) and therefore
in the study of any specific problem, the choice of the
corresponding Weyl spacetime has to be reasoned.
In this work we intend to use yet another exact solu-
tion of the Weyl family, in order to describe deviations
from spherical symmetry. Such a solution is the so called
LM metric [50], its properties and the reasons behind its
choice to describe a quasi–spherical spacetime are pre-
sented in the next section. Next we shall calculate the
circular geodesics in that spacetime an compare its be-
haviour with the spherically symmetric case. The most
relevant result emerging from that analysis is the exis-
tence of stable innermost circular orbits very close to the
(singular) horizon of the source, and inner than the one
of the Schwarzschild metric.
II. THE LM SPACETIME
As mentioned in the Introduction we shall carry out
a study of circular geodesics in the spacetime of the
LM spacetime. Thus, we shall first very briefly revise
such a metric and provide arguments justifying its use to
describe quasi–spherical (axially symmetric and static)
spacetime (see [50] for details). Finally we shall present
the multipole structure of the solution.
A. The metric
As is known, the line element of a static and axisym-
metric vacuum space-time is represented in Weyl form as
follows
ds2 = −e2Ψdt2 + e−2Ψ [e2γ (dρ2 + dz2)+ ρ2dϕ2] , (1)
where Ψ and γ are functions of the cylindrical coordinates
ρ and z alone. The metric function Ψ is a solution of the
Laplace’s equation (△Ψ = 0), and the other metric func-
tion γ satisfies a system of differential equations whose
integrability condition is just the equation for the func-
tion Ψ. Thus, the Weyl family of solutions with a good
asymptotical behaviour is given in associated spherical
Weyl coordinates {r, θ} as
Ψ =
∞∑
n=0
an
rn+1
Pn(ω) , (2)
where r ≡
√
ρ2 + z2, ω ≡ cos θ = z/r and Pn denotes
the Legendre polynomial.
Thus the line element now reads
ds2 = −e2Ψdt2+e−2Ψ+2γ(dr2+r2dθ2)+e−2Ψr2 sin2 θdϕ2.
(3)
Also, as is well known, in spite of the form of (2), co-
efficients an are not the relativistic multipole moments
(RMM) of the solution, as defined for static and axisym-
metric vacuum solutions by Geroch [51, 52] and Thorne
[53]. However the “Newtonian” moments an, which pro-
vide the so called “Newtonian image” of the solution,
can be expressed as functions of the RMM [54–57]. Al-
though the full relations linking both sets of coefficients
are extremely complicated, they can be used to obtain
relatively simple formulas for the coefficients {an} in sit-
uations where the deviation of the relativistic solution
from spherical symmetry is small. This issue has been
discussed in some detail in [58], [25], [59].
A solution of the Weyl family that represents the exte-
rior gravitational field of a mass distribution whose mul-
tipole structure only possesses mass M and Quadrupole
moment Q was found in [25]. This solution (M-Q) has
become a useful tool for describing small deviations from
the spherically symmetric solution [28, 60–62].
The basic idea underlying the obtention of theM -Q so-
lution is that Q is small since we want to describe slight
3deviations from the Schwarzschild solution, and all the
RMM of higher order are negligible. This assumption
about the RMM higher than Q is supported by the fol-
lowing argument: The Newtonian calculation of the mul-
tipole moments of an ellipsoidal mass distribution shows
that as we move from lower to higher moments, their
magnitudes decrease as powers of the eccentricity of the
ellipsoidal configuration (see [58, 63] for details). Then
the M-Q solution is constructed as a sum of functions in
a power series of the dimensionless quadrupole parame-
ter q ≡ Q/M3 starting at the Schwarzschild solution as
the first order, in such a way that the successive pow-
ers of q control the desired corrections to the spherical
symmetry.
The LM solution [50] was constructed with the same
purpose, namely: to describe the gravitational field of a
body slightly different from a sphere. However the ap-
proach to find it, although similar, is different from the
one used for the M-Q solution. In both cases, it should
be clear that, describing non–spherical spacetimes, their
physical components of the Riemann tensor exhibit sin-
gularities at the infinite redshift surface.
The rationale behind the LM solution is the following:
When attempting to describe an isolated compact body
which is not spherically symmetric, all the RMM appear
no matter how small is the deviation from spherical sym-
metry. Therefore, let us consider that all RMM appear in
the solution that we want to construct but let us restrict
their magnitudes to be very small, so that we can neglect
all terms in the Weyl coefficients whenever a cross prod-
uct of RMM’s is involved. This is the origin of the name
of the family of solutions: Linearized Multipole (LM) so-
lution. It should be observed that due to the linearity
of the Laplace equation, the so obtained solution is an
exact solution to Einstein equations.
Now, the expression for the metric function of the Weyl
family solution endowed with g + 1 independent RMM,
(the LM -solution), can be written, in prolate spheroidal
coordinates [64], as follows
Ψ = − Hx
x2 − y2−
g∑
n=0
Q2n(x)P2n(y)

 g∑
j=n
HjC2j,2n

 , (4)
where Cn,k are the coefficients appearing at the series ex-
pansion of any variable as a linear combination of Legen-
dre polynomials in that variable i.e., ξn =
∞∑
k=0
Cn,kPk(ξ)),
and
H ≡
g∑
k=0
m2kh(k) , Hj ≡
g∑
k=j
m2khj(k) , (5)
where the parameter m2k ≡ M2kM2k+1 denotes the dimen-
sionless relativistic multipole moment of order 22k-pole
(M2k), whereas the explicit expressions for the coeffi-
cients hj(k) (∀ k ≥ j, since hj(k) = 0 for k < j) and
h(k), are:
hj(k) =
1
24k−1
(−1)k−j−2
(
4k + 1
2k
)
k2 + k/2− j
(k + 1)
(2k + 2j)!
(2j)!(k + j)!(k − j)! , h(k) =
1
22k(k + 1)
(
4k + 1
2k
)
, ∀ k > 0 . (6)
The parameter H can be calculated in terms of the coef-
ficients Hj as follows:
H =
g∑
k=0
m2k
22k(k + 1)
(
4k + 1
2k
)
=

1−
g∑
j=0
Hj
2j + 1

 .
(7)
In terms of its “Newtonian image”, the LM solution
can be described by means of an “object-image” whose
Newtonian gravitational potential (the gravitational po-
tential corresponding to the Newtonian image, not to
confound with the weak field limit of the solution), as
well as its Newtonian multipole moments equal the met-
ric function of the solution and the Weyl coefficients re-
spectively. That “object-image” is represented by a kind
of “dumbbell” consisting of a bar of length 2M with lin-
ear density µ given by an even polynomial of degree 2g
and two balls at each end of the bar with mass ν (see [50]
for details).
The other metric function γ of the line element (1)
can be obtained from the metric function Ψ by solving
the corresponding field equations
γρ = ρ(Ψ
2
ρ −Ψ2z) , γz = 2ρΨρΨz . (8)
There already exists an expression for this metric func-
tion [64] in terms of the Weyl coefficients of the series Ψ
(2), but it is highly complicated to handle and a sum-
mation of a series is required to obtain the analytic ex-
pression of the metric function. One advantage inherent
to the dumbbell description of the solution consists of
an integral expression ([65]) for the metric function γ in
terms of the density of the dumbbell :
4γ =
∫ 1
−1
dX
∫ 1
−1
dY
µd(X)µd(Y )
(Y −X)2
[
r2(1− ω2) + (rω −XM)(rω − YM)
R(X)R(Y )
− 1
]
, (9)
or equivalently,
γ = −M2r2(1− ω2) [ν2A(r, ω) + 2ν(I− + I+) + II] ,
(10)
where the following notation is used R(X) ≡√
r2 +X2M2 − 2rωXM , µd(X) represents the density
of the dumbbell and
II ≡
∫ ∫ 1
−1
µ(X)µ(Y ) dXdY
R(X)R(Y ) [r2(1− ω2) + (rω −XM)(rω − YM) +R(X)R(Y )]
I± ≡
∫ 1
−1
dX
µ(X)
r±R(X) [r2(1− ω2) + (rω −XM)(rω ±M) + r±R(X)]
A(r, ω) ≡ 1
4r4−
+
1
4r4+
+
1
r−r+ [r2 −M2 + r+r−] . (11)
The fact that the Newtonian image of the LM solution
is a dumbbell is quite convenient, since many properties
of the solution can be described in terms of the den-
sity of the bar. Thus for example, it can be shown that
the source of the solution will be prolate (oblate) if µ is
smaller (greater) than 1/2. Also, as we shall see below,
the possible existence of an ISCO, inner to the one cor-
respondig to the spherically symmetric case is related to
a condition on µ at the origin (32).
B. Mutipole structure of the solution
As already mentioned, the RMM of a Weyl solution
can be calculated in terms of the coefficients an. This
relation can be inverted to obtain the Newtonian mo-
ments (an) in terms of the RMM. The assumption used
to construct the LM solution is that every RMM is small,
implying that we neglect all the terms with coupling in-
teraction between RMM appearing in the Weyl coeffi-
cients an (once again it should be emphasized that, due
to the linearity of the Laplace equation, the so obtained
metric is an exact solution to Einstein equations). With
this selection of the coefficients we can consider that the
solution possesses a finite number of parameters (q ≡ m2,
m2i, with 1 < i ≤ g) that represent each RMM of the
solution.
Thus, the first RMM of the solution are the following
(odd moments are null because of the equatorial symme-
try):
M0 = M
M2 = M
3q
M4 = M
5m4
M6 = M
7
(
m6 − 60
77
q2
)
M8 = M
9
(
m8 − 226
143
qm4 − 1060
3003
q2 − 40
143
q3
)
M10 = M
11
(
m10 − 28616
46189
qm4 − 566
323
qm6 − 30870
46189
m24
− 19880
138567
q2 − 39150
46189
q2m4 +
146500
323323
q3
)
. (12)
III. GEODESICS
We shall now study the geodesic motion of test parti-
cles in the spacetime of the LM solution. We shall restric
ourselves to the case of geodesics with constant θ and
dϕ
dσ
6= 0, i.e., those constrained to a constant hypersur-
face (θ = θ0) with coordinates {t, r, ϕ}.
Therefore, we obtain on the equatorial plane the fol-
lowing expression (see [61]):
(
dr
dσ
)2
+ Veff = C , (13)
where σ denotes the affine parameter along the geodesic,
C is a constant and Veff is an effective potential which
5can be obtained by integration as follows
Veff =
∫
k
g11
∂r ln
(g11
k
)
dr = − k
g11
. (14)
with k ≡ ǫ− h
2
g00
− l
2
g33
, where h and l represent the
energy and angular momentum per unit mass respec-
tively, and ǫ denotes the norm of the tangent vector to
the geodesic zα.
From Eqs. (13) and (14) we have that
(
du
dϕ
)2
=
k
g11
g233
l2
u4 , (15)
where u ≡ 1/r.
The above equations, lead, for the line element (1), to
(
du
dϕ
)2
=
F (r)
l2e2γ+4Ψ
, (16)
Veff = −F (r)
e2γ
, (17)
where the function F (r) ≡ ke2Ψ for timelike geodesics on
the equatorial plane is
F (r) = −e2Ψ + h2 − l
2
r2
e4Ψ. (18)
When looking for circular orbits we search for the sta-
tionary solutions of the autonomous partial differential
equation (16), i.e.,
du
dr
= 0⇐⇒ u = cte. Hence we can
say that the circular orbits are defined by radial values
r = Ri where the following condition is satisfied:
F (Ri) =
dF
dr
(Ri) = 0 , (19)
since the extremals of the effective potential satisfy
(prime denotes derivative with respect to r)
dVeff
dr
(Ri) = 0 = (−F ′(Ri) + F (Ri)2γ′(Ri)) e−2γ(Ri)
⇒ F ′ ≡ dF
dr
(Ri) = 0 . (20)
Therefore, the circular orbits can be calculated by
means of the function F (r) without using the second met-
ric function γ since the complete effective potential is not
needed.
The timelike geodesics described by a pointlike particle
around a circular orbit is defined by the zeros of both the
function F (r) and its derivative. The orbit r = Ri is sta-
ble (
d2Veff
dr2
> 0) if −F ′′(Ri) > 0 (the minimum) and it is
unstable (
d2Veff
dr2
< 0) if −F ′′(Ri) < 0 (the maximum).
In the above it has been used that
d2Veff
dr2
= e−2γ
(−F ′′ + F ′4γ′ + F2γ′′ − (2γ′)2F ) (21)
and hence
d2Veff
dr2
(Ri) = −e−2γ(Ri)F ′′(Ri) . (22)
Observe that the specific energy of the geodesic orbit is
E = −z0, therefore, since z0 = h = dtdσg00 < 0, the
parameter h (with Veff = 0 or equivalently F (Ri) = 0)
denotes, up to a sign, the energy per unit of mass of the
test particle and it is fixed once the extremals (Ri) of
F (r) are determined:
h2 = e2Ψ(Ri)
[
1 +
l2
R2i
e2Ψ(Ri)
]
. (23)
Also, observe that the conditions for circular orbits (19),
(20) determine the values of h and l as follows:
l2i =
r3Ψ′
e2Ψ(1− 2rΨ′)
∣∣∣∣
r=Ri
, h2i = e
2Ψ 1− rΨ′
1− 2rΨ′
∣∣∣∣
r=Ri
(24)
Then, these parameters are constants of motion for each
value of the radial coordinate r = Ri. In what follows we
shall consider the angular parameter as a function of the
radial coordinate r for different circular orbits and hence
we introduce the notation
L = L(r) ≡ l
2
4M2
=
r3Ψ′
4M2e2Ψ(1− 2rΨ′) . (25)
A. The spherically symmetric solution
For the forthcoming discussion, it would be convenient
to recover the Schwarzschild case, which is well known.
Depending on the value of L the function −F (r) ac-
quires a maximum and a minimum starting from the par-
ticular value L = 3 for which both extremals coincide
at rs = 6M . For large values of L the minimum goes
away asymptotically along rs/M = 3. In what follows
the notation λ ≡ rs/M shall be used, where rs denotes
the radial Schwarzschild coordinate and it is related to
the radial Weyl coordinate r (on the equatorial plane) as
follows:
s ≡ r
M
=
rs
M
√
1− 2M
rs
. (26)
In figure 1a we plot the parameter L as function of the di-
mensionless Schwarzschild radial coordinate rs/M , where
the fact that for the circular orbits of the Schwarzschild
space-time: rs/M = 2L
(
1±
√
1− 3/L
)
, has been used.
The value of the parameter h is taken to be zero, since
it only generates a displacement of the graphic along the
vertical axis. There exist certain value h for each ex-
tremal Ri, where F (Ri) = 0. In figure 1b, −F (r) with
its extremals are shown for different values of L.
6(a) (b)
FIG. 1: (a) The plot of the parameter L in terms of the dimen-
sionless Schwarzschild radial coordinate rs/M . For each value
of the parameter L (horizontal axis) the solid line and the
long-dashed line provide the points where the function −F (s)
acquires the minimum or the maximum respectively. These
values define the corresponding radii of the circular stable or
unstable orbits respectively. As is known, no matter how large
the parameter L would be, the inner unstable orbit is located
at rs = 3M (dashed horizontal line), and the bifurcation point
between stable and unstable orbits (the marginally stable orbit)
is located at rs = 6M where the inner stable orbit is reached
(shown with a dot line in the graphic). (b) In this graphic
the function −F (s) is represented for different values of L.
Starting from the solid line and downward, the values of the
parameter L are: L = 5, 4, 3.5. Let us note that the value
L = 3 corresponds to the marginally stable orbit, where F (s)
has no extremals points but an inflection point.
B. The LM solution
Let us now analyze the situation in the LM solution.
To derive the consequences implied by the extremal con-
dition F ′(r) = 0, we need to solve numerically the fol-
lowing transcendent equation
e2Ψ =
r3
l2
Ψ′
1− 2rΨ′ . (27)
Nevertheless, a relevant information can be extracted
from the analytical study of the function −F (r) (18).
The calculation of that function for the LM solution
yields
−F (s) = GC(s)eA(s)+ 4L
(
√
s2 + 1 + 1)2
G2C(s)−1e2A(s)−h2
(28)
with the notation (for the case g = 2)
A(s) ≡ −
√
s2 + 1B(s)− 2H√
s2 + 1
(29)
G ≡
√
s2 + 1− 1√
s2 + 1 + 1
, C(s) ≡ H0 − 1
2
H1s
2 +
3
8
H2s
4 (30)
B(s) ≡ H1 +H2
(
1
2
− 3
4
s2
)
. (31)
These expressions are easily obtained from the metric
function Ψ (4) by considering it on the equatorial plane
(y = 0) and taking into account that x = λ−1 = √1 + s2
(the explicit expression of Ψ in Weyl coordinates can be
seen in [50]). Let us note that e2Ψ = GC(s)eA(s) and
G2C(s) =
G2C(s)−1s2
(
√
s2 + 1− 1)2 .
As can be seen in figure 2, the behaviour of the func-
tion −F (r) is different from that corresponding to the
spherically symmetric case.
Indeed, as shown in that figure, for certain values of the
multipole parameters q ≡ m2 and m4, the curve clearly
shows a minimum close to the origin. This implies the
existence of an ISCO, inner to the one corresponding to
the spherically symmetric case, and therefore related to
the presence of the multipole moments (m2 and m4).
Let us remember that r = 0 corresponds to the infinite
redshift surface (26).
FIG. 2: The function −F (s) is represented for the LM so-
lution possessing Monopole, quadrupole and 24-pole moment
(h = 0 is considered).
If we calculate the behaviour of the function −F (s)
when approaching the horizon, we see that this function
goes to infinity for certain values of the multipole pa-
rameters, thereby exhibiting the existence of a minimum
which is absent in the Schwarzschild solution:
lim
s→0
(−F (s)) =
{
0 , 2H0 − 1 > 0
∞ , 2H0 − 1 < 0 , (32)
since lims→0 e
2Ψ = lims→0G
C(s)eA = 0 because C(0) =
H0 ≡ 2µLM(0) > 0 (the density of the dumbbell bar is
positive definite).
For the case of M-Q(1) solution, i.e. the LM solution
with monopole and quadrupole moments alone, the exis-
tence of the ISCO is determined by the following range
of values of the quadrupole parameter: q ∈ [ 415 , 815 ].
For the case of LM solution with monopole, quadrupole
and 24-pole moments, the existence of the ISCO is deter-
mined by the following range of values of the quadrupole
parameter:
q ∈


[− 32255 ,− 16255 ] , m4 = q[
16
375 ,
32
375
]
, m4 = −q
,
7where we have assumed that the absolute value of both
multipole moments are identical (see ([50]) for details).
The determination of these ranges of values is obtained
from imposing two conditions: the positive definite den-
sity condition and 2H0 − 1 < 0, that leads to 0 < H0 <
1/2 (see the figure 3 for details and a graphical charac-
terization of these ranges).
FIG. 3: The domain of the existence of ISCO in the LM solu-
tion is shown. Dotted lines draw the condition assumed on the
parameters q and m4 which are supposed to be of equal mag-
nitude (in absolute value). The continuous line represents the
limit (32) 1 − 15
4
q + 315
16
m4 < 0 for the existence of ISCO,
hence the values of q must be situated on top of this line. The
intersections of these lines determine the upper value of q if
it is negative or the lower bound if it is positive, whereas the
other extremes of the ranges are determined by the definite-
positive condition of the density (horizontal dashed line and
dot-dashed line).
In addition, a more relevant feature of these solutions
is obtained from the study of the marginally stable orbit
(mso). Indeed, as is known, for a circular (mso) orbit, the
angular parameter (as well as the energy) have extremal
values. This condition is just equal to F ′′ = 0 as can be
seen by taking the derivative of equation (25)
dL
dr
= 0⇐⇒ 0 = rΨ′′ +3Ψ′+4r2(Ψ′)3− 6r(Ψ′)2 . (33)
Therefore, the circular equatorial motion is known to be
stable when L′ > 0 and unstable for L′ < 0. Let us
notice that the epicyclic frequency is proportional to L′,
and hence the mso (L′ = 0) determines the orbit with non
horizontal oscillations. The existence of an ISCO, as we
have previously shown, can be confirmed when studying
the behaviour of L in terms of the orbital radius.
Such a behaviour is displayed in figure 4 using the
equation in (25), for different values of the quadrupo-
lar parameter q, for the case of the M-Q(1) solution. For
the discussion below an important role will be played by
the function g(r) ≡ 1− 2rΨ′, which is related to L by
dL
dr
=
1
4M
r3Ψ′′ + 3r2Ψ′ + 4r4(Ψ′)3 − 6r3(Ψ′)2
e2Ψg(r)2
. (34)
The plot of g as function of λ is given in figure 5 for the
M-Q(1) and the LM solutions.
The following conclusions emerge from figures 4 and 5:
FIG. 4: Localization of circular orbital radii in terms of
the parameter L (in the vertical axis) for different values of
the quadrupolar parameter for the M-Q(1) solution. (a) For
q ∈ (qc, 8/15]. Starting from the solid line and downwards
the values of the corresponding quadrupolar parameter are
q = 0.4, 0.42, 0.46. (b) For q ∈ (0, 4/15]. This curve corre-
sponds to q = 0.2 where the asymptota is located at λ = 2.8125
(a smaller value than the corresponding for the Schwarzshild
case λ = 3). (c) For q ∈ (4/15, qc]. This piece wise curve cor-
responds to q = 0.3 where the asymptotic lines bounding the
forbidden region are located at λm = 2.0473 and λM = 2.6646.
(a)
(b)
(c)
• First, we see that stable orbits are located to the
left of the maximum, and the right of the minimum
(figure 4 (a)) where L′ > 0. The slope of the curve
where L′ < 0 determines the range of the orbital ra-
dius for unstable orbits. The mso is located at the
maximum or minimum of the curve (L+ and L− re-
spectively). The values of the orbital radius (mso+
and mso− for the maximum and minimum respec-
tively) at these two extremals of L correspond to
the inflection points of the potential −F for which
this function does not possess extremal points. For
other values of L ∈ (L+, L−) (at each value of q) the
8potential −F will possess one maximum and two
minima corresponding to the intersection points of
the curves in Figure 4(a) with the horizontal lines
L = cte.
• Second, figure 4(b) represents the curve for a value
of the quadrupolar parameter q where the inner
unstable orbit is limited by the asymptotic dashed
line, and the inner stable orbit is located at the min-
imum of the curve. This plot recovers the behaviour
of the spherical case but slightly modifying the po-
sition of the circular orbits when a quadrupole mo-
ment is present. The relevant difference with re-
spect to the spherical case is that a maximum of
L (L+) arises at the value of the radial coordi-
nate mso− whenever some multipole of the solu-
tion, higher than the monopole, is not zero (within
a determined range of that multipole parameter),
and this fact leads to the existence of stable circu-
lar orbits at a radius smaller than those where the
other known minima and the maximum appear. In
addition, these new stable circular orbits possess
smaller values of L and energy h than the former
ones.
• Finally, we notice the existence of a splitting (see
the figure 4(c)) in the admissible region of circular
orbits radius for some values of the multipole mo-
ments of our space-time. This fact was already dis-
cussed in [44], where by means of numerical meth-
ods the authors obtain results that suggest the exis-
tence of disconnected non-plunging regions at small
radii. The existence of such regions could be tested,
for instance, in the presence of accretion disks form-
ing a ring structure around the source. The ana-
lytical determination of that region consists of cal-
culating the zeros of the function g(r).
Thus, for some values of q the maximum of L dis-
appears and a region of forbidden circular orbits
arises as is shown in figure 4 (c). That region cor-
responds to the range of values of the radial coor-
dinate leading to g(r) < 0 (let us remember that
L ≥ 0, h2 ≥ 0). The zeros of the function g(r) (see
figure 5) provide the asymptotical behaviour of L
at the values λm and λM (figure 4(c)).
To complement the discussion above it is instructive
to take a look at tables I and II, which display the values
of different parameters characterizing ISCO’s for the LM
solution with g = 1 (M-Q(1)). As mentioned before, if q ∈(
0, 415
]
the behaviour of circular orbits is similar to the
spherically symmetric case: the minimum of L (graphic
(b) in figure (4) defines the change from stable to unstable
orbits, and thereby the minimal value of the radius of the
stable circular orbit (mso−).
The maximum of the orbital radius for the unstable
orbit exhibits (as in the Schwarzschild case) an asymptote
in the value of λ which is smaller than the corresponding
to the spherically symmetric case (λ = 3).
There exists a critical value for q (qc) beyond which a
gap in the range of possible values of the radius of the
circular orbit appears, for which there are not ISCO’s.
This is clearly indicated in the graphic (c) of figure 4,
where the gap is determined by the interval (λm, λM ) for
q ∈ ( 415 , qc].
In the interval (0, λm) there are ISCO’s close to the
infinite redshift surface.
For the M-Q(1) solution qc is given by:
qc = 0.373434, rs/M = 2.367 , (35)
that corresponds to the value of q for which g(r) has a
single zero (see figure 5).
If q ∈ (qc, 815] there are ISCO’s in the interval (0, L+),
with values of the orbital radius smaller than those cor-
responding to stable circular orbits for L− where L has
a minimum (mso−).
Three comments are in order at this point:
• It should be stressed that the range of admissible
values of the angular momentum (0, L+) is quite
large. Therefore, ISCO’s correspond to test parti-
cles with a wide range of angular velocities.
• The energies corresponding to ISCO’s are smaller
than those corresponding to larger values of the
orbital radii.
• It should be observed that for the M-Q(1) solution
there are ISCO’s (inner to 3M) only for positive
values of q (i.e. prolate sources). This important
difference between both cases (prolate and oblate)
has been brought out before for the γ [27] and the
M-Q(1) [28, 62], spacetimes. We ignore what could
be (if any) the fundamental physical reason for such
a difference.
Finally, table III displays some values of relevant pa-
rameters (mso−, L− and λ), as well as the interval of
non existence of stable circular orbits (λm, λM ), for the
LM solution with quadrupole and 24-pole.
It should be observed that now, unlike the case of the
M-Q(1) solution, the function L(λ) has no maximal value,
implying there exists no mso+. Thus, the existence of
ISCO’s is restricted to the interval rs/M ∈ (0, λm) when-
ever the quadrupole and the 24-pole are localized within
the range mentioned before (33).
Also, the value of λm is significantly reduced with re-
spect to the M-Q(1) case, and therefore ISCO’s s are now
very close to the infinite redshift surface (rs/M = 2). At
the same time, the range (λm, λM ) increases with re-
spect to the previous case. For values of rs/M starting
from mso− (minimum of L) we obtain the values of the
farthest possible stable circular orbits.
IV. CONCLUSIONS
We have presented a systematic study on the structure
of circular geodesics in the LM spacetime. The case has
9FIG. 5: Plot of g as function of λ for the M-Q(1) (a) and LM
(b) solutions for different values of the multipole parameters.
The solid line in both plots corresponds to the Schwarzschild
case q = 0, whereas the other values of q are: (a) upper dottted
line q = 0.5, dashed line q = 0.374 ∼ qc and from that line
and downwards q = 0.3, 4/15, 0.2, The special value q = 4/15
corresponds to the lower bound for the existence of ISCO near
the horizon. (b) from the solid line q = m4 = 0 and upwards,
q = m4 = −0.063,−0.08,−0.1,−0.124.
(a) (b)
been made for the use of such spacetime when describing
slight deviations from spherical symmetry.
The analysis presented clearly exhibits the difference
between the motion in the Schwarzschild and in the LM,
spacetimes. In the former case we have a black hole
whereas in the latter a naked singularity appears. Our
results, as well as those in the references already men-
tioned, point to a potentially observable evidence allow-
ing to distinguish between the two above mentioned sit-
uations. We may summarize such results as follows:
• The presence of multipole moments (higher than
the monopole) leads to the presence of ISCO’s,
closer to the infinite redshift surface than the ones
existing in the exactly spherically symmetric case.
• Such multipole moments also produce an interval
in the values of radial coordinate within which no
stable circular orbits exist.
• Specific numerical values have been presented to
illustrate the two abovementioned effects.
• Particularly relevant might be the application of
the presented results to studying the dynamics of
accretion discs around compact objects, which as
it is well known, are assumed to be an essential
ingredient of active sources such as X-ray binaries
or galactic nuclei (see [66] and references therein).
However such a study is out of the scope of this
paper.
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TABLE I: Numerical values of characteristic parameters cor-
responding to ISCO’s in the M-Q(1) solution.
q L h2 ISCO(rs/M)
0 3 0.889 6
0.28 0.1 0.016 2.000
0.28 1.1 0.147 2.001
0.28 2.1 0.269 2.004
0.28 3.1 0.388 2.006
0.28 4.1 0.508 2.007
0.28 5.1 0.626 2.008
0.34 0.1 0.053 2.003
0.34 1.1 0.259 2.041
0.34 2.1 0.433 2.062
0.34 3.1 0.602 2.076
0.34 4.1 0.769 2.086
0.34 5.1 0.935 2.093
0.40 0.1 0.093 2.015
0.40 1.1 0.335 2.104
0.40 2.1 0.535 2.148
0.40 3.1 0.728 2.179
0.40 4.1 0.918 2.202
0.40 5.1 1.106 2.222
0.46 0.1 0.130 2.038
0.46 1.1 0.392 2.174
0.46 2.1 0.606 2.245
0.46 3.1 0.811 2.301
0.46 4.1 1.010 2.352
0.46 5.1 1.202 2.407
0.52 0.1 0.163 2.068
0.52 1.1 0.436 2.248
0.52 2.1 0.657 2.350
0.52 3.1 0.865 2.446
0.52 4.1 1.064 2.577
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TABLE II: Extremal values of the marginally stable orbits
mso+ and mso− with the corresponding value of the angular
momentum parameter L for which ISCO’s exist, and the range
of non existence of stable orbits, for different values of the
quadrupole moment, for the M-Q(1) solution.
q mso+ L+ mso− L− (λm, λM ) λ
0 - - 6 3 - 3
0.04 - - 5.957 2.987 - 2.968
0.08 - - 5.913 2.973 - 2.934
0.12 - - 5.868 2.960 - 2.898
0.16 - - 5.821 2.946 - 2.857
0.20 - - 5.772 2.931 - 2.812
0.24 - - 5.722 2.917 - 2.761
0.26 - - 5.696 2.909 - 2.732
0.28 - - 5.670 2.902 2.014, 2.701 -
0.30 - - 5.643 2.894 2.047, 2.665 -
0.32 - - 5.615 2.886 2.092, 2.623 -
0.34 - - 5.587 2.878 2.149, 2.571 -
0.36 - - 5.559 2.870 2.230, 2.498 -
0.37 - - 5.544 2.866 2.298, 2.434 -
0.374 2.374 7.04e9 5.538 2.865 - -
0.40 2.435 18.277 5.500 2.854 - -
0.44 2.540 8.152 5.436 2.837 - -
0.48 2.645 5.634 5.370 2.820 - -
0.52 2.753 4.498 5.298 2.801 - -
8/15 2.789 4.248 5.273 2.795 - -
TABLE III: The case of LM solution with g = 2, i.e,
quadrupole and 24-pole moments. Numerical values of the
multipole parameters q and m4 for which ISCO’s exist. The
value of the marginally stable orbit mso is given with the
corresponding value of the angular momentum parameter L.
q m4 mso− L− (λm, λM )
-0.063 -0.063 6.000 3.0195 2.000, 3.030
-0.08 -0.08 6.000 3.0248 2.0091, 3.038
-0.10 -0.10 6.000 3.0311 2.0224, 3.047
-0.124 -0.124 6.000 3.0386 2.0385, 3.058
0.0427 -0.0427 5.9501 2.9852 2.000, 2.953
0.05 -0.05 5.9414 2.9826 2.0081, 2.943
0.06 -0.06 5.9294 2.9791 2.024, 2.931
0.07 -0.07 5.9173 2.9756 2.044, 2.917
0.085 -0.085 5.8989 2.9702 2.075, 2.899
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